We discussed the scenario that a discrete flavor group combined with CP symmetry is broken to Z 2 × CP in both neutrino and charged lepton sectors. All lepton mixing angles and CP violation phases are predicted to depend on two free parameters θ l and θ ν varying in the range of [0, π). As an example, we comprehensively study the lepton mixing patterns which can be derived from the flavor group ∆(6n 2 ) and CP symmetry. Three kinds of phenomenologically viable lepton mixing matrices are obtained up to row and column permutations. We further extend this approach to the quark sector. The precisely measured quark mixing angles and CP invariant can be accommodated for certain values of the free parameters θ u and θ d . A simultaneous description of quark and lepton flavor mixing structures can be achieved from a common flavor group ∆(6n 2 ) and CP, and accordingly the smallest value of the group index n is n = 7. *
Introduction
It is well-known that the flavor mixings in the quark and lepton sectors are completely different [1] . All the three quark mixing angles are small with the Cabibbo angle θ C 13 • being the largest, while in the lepton sector both solar and atmospheric mixing angles are large and the reactor angle is of the same order as the Cabibbo angle. As regards the CP violation, it is well established that the description of CP violation in terms of the Kobayashi-Maskawa mechanism [2] agrees with all measurements to date [1] , and the CP violation phase has been precisely measured. The analogous mixing matrix for leptons has three CP-violating phases: one Dirac CP phase δ CP and two Majorana CP phases α 21 and α 31 if neutrino are Majorana particles. The values of these three leptonic CP violation phases are unknown although there is some as yet inconclusive evidence for δ CP around 3π/2 [3] [4] [5] [6] . The global fits of the current neutrino oscillation data do not allow to pin down a preferred value of δ CP at the 3σ confidence level [7] [8] [9] .
Understanding the origin of the quark and lepton flavor mixing patterns is a fundamental problem in particle physics. The special structure of the lepton mixing matrix provides a strong hint for a flavor symmetry which is broken in a non-trivial way. The non-abelian discrete flavor symmetry has been widely exploited to explain the fermion mass hierarchies and flavor mixing puzzles (for reviews see e.g. [10] [11] [12] [13] [14] ). In this approach, it is generally assumed that the theory possesses a flavor symmetry at certain high energy scale, which is broken to different residual subgroups in the charged lepton and neutrino sectors at lower energies. The mismatch between the two residual subgroups allows one to predict the lepton mixing matrix while the Majorana phases are not constrained. If the residual symmetries of the neutrino and charged lepton mass matrices wholly belong to the postulated parent flavor symmetry, the mixing patterns which can be derived from finite discrete groups are quite restricted, the second column of the lepton mixing matrix is (1, 1, 1) T / √ 3 in order to be compatible with experimental data, and the Dirac CP phase is either 0 or π [15] [16] [17] [18] [19] . If the residual symmetries of the neutrino and charged lepton mass terms partially belong to the parent flavor symmetry group, one column or one row of the mixing matrix can be fixed such that some correlations between neutrino mixing angles and Dirac CP phase can be predicted [20] [21] [22] [23] . The paradigm of discrete flavor symmetry has also been used to explain quark mixing [19, [24] [25] [26] [27] [28] [29] . It is found that only the Cabibbo mixing between the first two generations of quarks can be generated, no matter whether the left-handed quarks are assigned to an irreducible triplet representation of the flavor group, or to a reducible triplet which can decompose into a two-dimensional and a one-dimensional representation [19, 29] . For example, a phenomenologically acceptable value of θ C = π/14 can be naturally obtained from the simple dihedral group D 14 [19, 24, 25] .
The flavor symmetry is extended to involve also CP as symmetry in recent years since generic neutrino and charged lepton mass matrices admit residual CP symmetry besides residual flavor symmetry [30] [31] [32] [33] [34] . The CP transformation acts on the flavor space in a non-trivial way. Aa a result, the CP symmetry should be consistently implemented in a theory based on discrete flavor symmetry and certain consistency condition has to be satisfied [30, [35] [36] [37] . Discrete flavor symmetry combined with CP symmetry is a rather predictive framework, and one can determine all the lepton mixing angles and CP phases in terms of few free parameters [30, [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] . The residual CP transformation can be classified according to the number of zero entries [54] . Moreover, small discrete groups such as A 4 [38] and S 4 [30, 39] can already accommodate the experimental data on lepton mixing angles and predict maximal Dirac phase. Other non-regular values of δ CP which is neither trivial nor maximal can be obtained from larger flavor symmetry groups [40-42, 44-47, 49] . Furthermore, the combination of flavor and CP symmetries can also restrict the high energy CP phases that are relevant for the baryon asymmetry of the Universe in both the flavored and unflavored leptogenesis [49, [55] [56] [57] . In the most widely discussed scenarios involving CP, it is usually assumed that the original flavor and CP symmetries are broken to an abelian subgroup in the charged lepton sector and to Z 2 × CP in the neutrino sector [30, [38] [39] [40] [41] [42] [44] [45] [46] [47] [48] [49] , consequently the lepton mixing matrix is predicted to contain only one free real parameter θ. Although this approach can successfully explain the measured lepton mixing angles and predict CP violation phases, it is not possible to derive the hierarchical mixing pattern among quarks in a similar way.
Other possible schemes to predict lepton flavor mixing from discrete flavor symmetry and CP symmetry have been investigated in the literature [50] [51] [52] [53] . The scenario that the residual symmetry of both the neutrino and the charged lepton sector is Z 2 × CP is considered in Refs. [50, 51] , and the resulting lepton mixing angles as well as all CP phases in this scheme depend on two free real parameters θ ν and θ l . The authors of [52, 53] consider a second scenario where the residual symmetry is Z 2 in the charged lepton and Z 2 × CP in the neutrino sector, all the lepton mixing angles and the CP phases are functions of three free parameters. In the present paper, we perform a comprehensive analysis of lepton mixing patterns which arise from the breaking of ∆(6n 2 ) flavor group and CP to distinct residual subgroups Z 2 × CP in the neutrino and charged lepton sectors. In the same fashion, we find that the experimentally measured values of quark mixing angles and CP violation phase can be accommodated if the residual symmetry of both the up-and downtype quarks mass matrices is Z 2 × CP . The resulting CKM mixing matrix depends on two free parameters θ u and θ d . It is notable that a simultaneous description of quark and lepton mixing can be achieved in a common flavor symmetry group such as ∆(294).
The structure of this paper is as follows: in section 2 we present the master formula for the lepton mixing matrix when a general flavor symmetry combined with CP symmetry is broken down to Z 2 × CP in both neutrino and charged lepton sectors. The prediction for the quark CKM mixing matrix is also presented in the case that a residual symmetry Z 2 × CP is preserved by the up and down quark mass matrices. In section 3 we perform a detailed study for the flavor group ∆(6n 2 ) combined with CP symmetry. All possible residual symmetries of the structure Z 2 × CP are considered and we present the resulting analytic expressions for the lepton mixing angles and CP invariants. In each case we also perform a numerical analysis for small values of the group index n which can admit reasonable agreement with experimental data. Our analysis is extended to the quark sector in section 4. Only one type of combination of residual symmetries is capable of describing the hierarchical quark mixing angles together with the precisely measured quark CP violation phase. Moreover phenomenologically viable quark and lepton mixing patterns can be simultaneously obtained from certain ∆(6n 2 ) flavor group combined with CP symmetry. The different quark and lepton flavor mixing structures arise from different underlying residual symmetries in this approach. Finally we conclude in section 5.
Framework
In the paradigm of discrete flavor symmetry combined with generalized CP symmetry, the original flavor and CP symmetries are generically assumed to be broken down to Z 2 × CP in the neutrino sector and an abelian subgroup in the charged lepton sector. In this work, we shall investigate the scenario that the remnant symmetry of both the neutrino and charged lepton mass matrices is Z 2 × CP . The master formula for the lepton mixing matrix would be derived in the following. In this approach, the non-trivial lepton mixing matrix arises from the misalignment between the two residual symmetries of the neutrino and charged lepton sectors, and one doesn't need to consider the underlying mechanism to dynamically achieve the assumed residual symmetry. Furthermore, we shall extend this approach to the quark sector. As usual we assign the three generation of the left-handed lepton fields to an irreducible three dimensional representation 3 of the flavor symmetry group.
We denote the remnant symmetries of the neutrino and charged lepton mass matrices as Z gν 2 × X ν and Z g l 2 × X l respectively, where g ν and g l refer to the generators of the Z 2 residual flavor symmetry groups with g 2 ν = g 2 l = 1. The remnant CP transformations X ν and X l are 3 × 3 unitary and symmetric matrices. These residual symmetries are well defined if and only if the following consistency conditions are satisfied [30] [31] [32] [33] ,
where γ is real, u 2×2 is a two dimensional unitary symmetric matrix, and it can be written into the form u 2×2 = σ 2×2 σ T 2×2 by performing the Takagi factorization. As a result, the remnant CP transformation matrix X l can be factorized as
where
It is easy to check that Σ l is a diagonalization matrix of ρ 3 (g l ) with
where the diagonal matrices P T l diag(1, −1, −1)P l and P T ν diag(1, −1, −1)P ν can be absorbed into Q l and Q ν , respectively. Because both the charged lepton and neutrino masses can not be predicted in this model independent approach, the PMNS matrix is determined up to permutations of rows and columns, and consequently U is multiplied by P T l and P ν from the left-hand side and the right-hand side respectively. The permutation matrices P l and P ν can take six possible values and they can be generated from
Furthermore the lepton mixing matrix U has the following symmetry properties,
P
As a result, the CKM mixing matrix V is determined to be
where the rotation angles θ u and θ d are in the fundamental interval of [0, π), Q u and Q d are arbitrary diagonal phase matrices and they can be absorbed by the quark fields. In addition, P u and P d are generic three dimensional permutation matrices since the order of the up type quark and down type quark masses is not constrained in this approach. Similar to the lepton sector, we see that one element of the CKM mixing matrix is fixed by the residual symmetry. The three quark mixing angles and the CP phase are determined in terms of only two free parameters θ u and θ d which can take values between 0 and π.
3 Lepton mixing patterns from ∆(6n 2 ) and CP symmetries
In this section, as a concrete example, we shall perform a comprehensive analyze of the lepton mixing patterns arising from the ∆(6n 2 ) flavor group and CP symmetries which are broken down to Z 2 × CP in the neutrino and charged lepton sectors. All possible admissible residual subgroups of the structure Z 2 × CP would be considered, and the phenomenological predictions for lepton mixing matrix as well as neutrinoless double decay would be discussed.
∆(6n 2 ) and its subgroups has been widely exploited as flavor symmetry to constrain the lepton flavor mixing in the literature [16, [44] [45] [46] . The ∆(6n 2 ) group is isomorphic to (Z n × Z n ) S 3 , where S 3 is the permutation group of three objects, consequently it has 6n 2 elements. We shall adopt the conventions and notations of Ref. [46] . ∆(6n 2 ) group can be conveniently generated by four generators a, b, c and d, and the multiplication rules are [46] 
All the 6n 2 elements of ∆(6n 2 ) group can be written into the form
where α = 0, 1, 2, β = 0, 1 and c, d = 0, 1, . . . , n − 1. All the conjugacy classes, inequivalent irreducible representations and Clebsch-Gordan coefficients of ∆(6n 2 ) group has been presented in Ref. [46] . As usual, the three generation of the left-handed lepton fields are embedded into a three dimensional representation 3 of ∆(6n 2 ) in which the four generators are represented by
with η = e 2πi/n . For convenience we shall not distinguish the abstract elements of ∆(6n 2 ) and their representation matrices hereafter. The CP symmetry compatible with the ∆(6n 2 ) flavor symmetry group has been analyzed in Refs. [45, 46] . It has been shown that the CP symmetry can be consistently defined in the presence of ∆(6n 2 ) flavor symmetry if n is not divisible by 3. The viable CP transformations turns out to be of the same form as the flavor symmetry transformations in our working basis [46] . Moreover, the physically well defined CP transformations can also be implemented in a model for the case of n = 3Z if the model does not contain fields transforming as ∆(6n 2 ) doublets 2 2 , 2 3 and 2 4 [46] . Now we determine the possible Z 2 × CP subgroups of the ∆(6n 2 ) and CP symmetries. The order two elements of the ∆(6n 2 ) group are
which are conjugate to each other. If the group index n is an even number, the ∆(6n 2 ) group has three additional
Note that the three elements in Eq. (3.5) are conjugate to each other as well. As regards the residual CP transformation X, it has to be a unitary and symmetric matrix in order to avoid degenerate neutrino or charged lepton masses. Hence the admissible candidates for X are
Consistently combining the Z 2 subgroups generated by the elements in Eqs. (3.4, 3.5) with the possible residual CP transformations in Eq. (3.6), we can find all the viable Z 2 × CP residual subgroups originating from ∆(6n 2 ) and CP symmetries. Notice that the consistency condition of Eq. (2.1) has to be fulfilled. Following the procedures presented in section 2, the corresponding Takagi factorization for each residual symmetry can be calculated, and all these results are summarized in table 1 . We see that the residual subgroup Z 2 × CP can take nine different forms. As a consequence, there are 9 × 9 = 81 possible combinations of the residual symmetries Z g l 2 × X l and Z gν 2 × X ν in the charged lepton and neutrino sectors. However, the different residual symmetries could be related by similarity transformations as follows
We find it is sufficient and enough to only consider 17 independent cases which lead to different results for lepton flavor mixing. for inverted mass hierarchy (IH). Obviously we see that none element of the PMNS mixing matrix can be equal to 0 or 1. Therefore out of all possibilities only six are possibly compatible with the present experimental data on lepton mixing. Then we proceed to study these six cases and their predictions for lepton mixing angles and CP violating phases one by one. The possible residual subgroups of the structure Z2 × CP and the corresponding Takagi factorization matrices, where the parameters x, γ, δ can take the values of 0, 1, . . . , n − 1.
In this case, we can easily read off the matrix Σ ≡ Σ † l Σ ν as follows,
where an overall phase is omitted and the parameters ϕ 1 and ϕ 2 are given by The possible independent combinations of residual symmetries with the structure Z2 × CP in the neutrino and charged lepton sectors, where the parameters x, y, α, β, γ and δ can take integer values between 0 and n − 1. The angle ϕ1 = (x − y)π/n is determined by the choice of residual symmetry. The entry completely fixed by residual symmetry is shown in the fifth column for each case. The symbol "" indicates that the resulting mixing pattern is not compatible with the experimental data because one element of the PMNS matrix is fixed to be either 0 or 1. The notation "" means that agreement with the experimental data could be achieved.
We find that the parameters ϕ 1 and ϕ 2 are independent of each other. Both the values of ϕ 1 and ϕ 2 are determined by the assumed remnant symmetries, and they can take the following discrete values
Inserting the expression of Σ into the master formula Eq. (2.20), we find the lepton mixing matrix is determined to be 13) up to permutations of rows and columns, where we have omitted the phases matrices Q l and Q ν for notational simplicity, and the parameters c l , c ν , s l and s ν are abbreviations defined as
These notations would be frequently used in the following. Obviously one entry of the mixing matrix is fixed to be cos ϕ 1 which is independent of θ l and θ ν . From the expression of U I , we know that it has the following symmetry properties,
Note that the above diagonal matrices can be absorbed into Q l and Q ν . As a result, without loss of generality, we could focus on the admissible values of ϕ 1 and ϕ 2 in the ranges of 0 ≤ ϕ 1 ≤ π/2 and 0 ≤ ϕ 2 < π. As shown in section 2, the fixed element cos ϕ 1 can be any of the nine elements of the PMNS mixing matrix, consequently the 36 possible permutations of rows and columns in general lead to nine independent mixing patterns which can be chosen to be where δ CP is the Dirac CP violation phase, α 21 and α 31 are the Majorana CP phases in the standard parameterization of the lepton mixing matrix [1] . We see that the mixing parameters depend on the continuous parameters θ l and θ ν as well as the discrete parameters ϕ 1 and ϕ 2 . As a consequence, sum rules among the mixing angles and the Dirac CP phase δ CP can be found as follows:
sin 2θ 12 sin θ 13 sin 2θ 23 .
These correlations could be tested in future neutrino oscillation experiments. In this case, the assumed residual symmetry determines one entry of the mixing matrix to be cos ϕ 1 , consequently the constraint on the parameter ϕ 1 can be obtained by requiring cos ϕ 1 in the experimentally preferred 3σ region, as shown in the second column of table 3. Furthermore we perform a comprehensive numerical analysis of the ∆(6n 2 ) group, and find out the smallest value of the index n Table 3 : The predictions of the mixing parameters for all the nine permutations of the mixing matrix in the case I. The magnitude of JCP is identical for all the nine mixing patterns, i.e. |JCP | = |c l cν s l sν sin 2 ϕ1 cos ϕ1 sin ϕ2|. The parameter X1 is defined as X1 = 1 2 sin 2θ l sin 2θν cos ϕ1. The admissible range of ϕ1 in the second column is obtained from the requirement that the fixed element cos ϕ1 is in the experimentally preferred 3σ range. The notation nmin denotes the smallest value of the group index n which can give a good fit to the experimental data [8] . Here the neutrino mass spectrum is assumed to be NH, and the range of ϕ1 would change a little for IH. of the group which can accommodate the experimental data on mixing angles for certain values of the parameters θ l and θ ν . In particularly, we find that it is sufficient to consider groups with the index n ≤ 13. Now as a concrete example we shall consider the ∆(6 · 3 2 ) = ∆(54) flavor group with n = 3. In this case, the possible values of the parameters ϕ 1,2 are
in the fundamental regions of ϕ 1 ∈ [0, π/2] and ϕ 2 ∈ [0, π). The case of ϕ 1 = π/3, ϕ 2 = 0 can give rise to a phenomenological viable mixing pattern, and accordingly the fixed element is equal to cos ϕ 1 = 1/2 which can be the (21), (22), (31) or (32) entries of the lepton mixing matrix 1 . As a consequence, out of the nine permutations in Eq. (3.16) only U I,4 , U I,5 , U I,7 and U I,8 could describe the experimental data. In this case, all the three mixing angles θ 12 , θ 13 , θ 23 and the CP violation phases δ CP , α 21 , α 31 only depend on two continuous parameters θ l and θ ν . The values of θ l,ν can be determined from the measured values any two lepton mixing angles, then one can predict the third mixing angle and the CP phases. In order to see clearly whether the measured values of the mixing angles can be accommodated, we display the contour regions for the 3σ intervals of sin 2 θ ij and their experimental best fit values in the plane θ ν versus θ l in figure 1 , where we use the data from the global fit of [8] . Furthermore, we perform a conventional χ 2 analysis, and the numerical results are reported in table 4 . We see that the mixing angles are quite close to the best fit values for particular choices of θ l,ν . Notice that the expressions of the mixing angles are invariant under the transformations θ l → π − θ l and θ ν → π − θ ν . Therefore the same results would be obtained at the point (θ l , θ ν ) = (π − θ bf l , π − θ bf ν ), as indicated in figure 1 . Furthermore, one can check that the PMNS mixing matrix is real for ϕ 2 = 0. As a consequence, all the weak basis invariants J CP , I 1 and I 2 would vanish exactly such that both Dirac phase and Majorana phases are trivial.
The neutrinoless double beta ((ββ) 0ν −) decay (A, Z) → (A, Z + 2) + e − + e − is an important probe for the Majorana nature of the neutrinos. If this rare lepton number violating process was observed in future, neutrinos must be Majorana particles. In addition, it can also help us to determine the neutrino mass spectrum and at least can constraint the CP violating phases, if the associated nuclear matrix element is known precisely enough. There are many experiments that are searching for (ββ) 0ν −decay or are in various stages of planning and construction. The sensitivity would be significantly increased such that we would be able to probe the whole region of parameter space associated with the IO spectrum in next decade. The (ββ) 0ν −decay amplitude and ϕ2 = 0. The red, green and blue areas denote the 3σ contour regions of sin 2 θ13, sin 2 θ12 and sin 2 θ23 respectively. The dashed contour lines represent the corresponding experimental best fit values. The 3σ ranges as well as the best fit values of the mixing angles are adapted from [8] . The best fitting values of θ l,ν are indicated with yellow pentagrams.
is proportional to the effective Majorana mass m ee given by [1] 
for NH with ∆m 2 31 > 0, and The red (blue) dashed lines indicate the most general allowed regions for IH (NH) neutrino mass spectrum obtained by varying the mixing parameters over their 3σ ranges [8] . The present most stringent upper limits mee < 0.120 eV from EXO-200 [62, 63] and KamLAND-ZEN [64] is shown by horizontal grey band. The vertical grey exclusion band denotes the current bound coming from the cosmological data of mi < 0.230 eV at 95% confidence level obtained by the Planck collaboration [65] .
for IH with ∆m 2 32 < 0. At present, the most stringent bound is set by the EXO-200 [62, 63] and KamLAND-ZEN [64] , m ee < (0.12 − 0.25) eV (3.24) at 90% confidence level. For our concerned example of ϕ 1 = π/3, ϕ 2 = 0, all the three CP phases are 0 or π. Thus the explicit expression of the effective mass m ee is
where k 1 , k 2 = ±1 arises from the ambiguity of the CP parity matrix Q ν , and the formulae for the mixing angles θ 12 and θ 13 are given in table 3. Freely varying the parameters θ l,ν and requiring the resulting mixing angles to be within the experimentally preferred ranges, we obtain the most general allowed regions of m ee versus the lightest neutrino mass m min , as shown in figure 2 for the mixing patterns U I,4 and U I,5 . Notice that U I,7 and U I,8 are related to U I,4 and U I,5 through a exchange of the second and third rows of the PMNS mixing matrix. Hence U I,7 and U I,8 lead to the same predictions for the effective Majorana mass m ee as U I,4 and U I,5 respectively. If the neutrino mass spectrum is IH, we find that m ee is around 0.016eV or 0.050eV which are accessible to future (ββ) 0ν −decay experiments. In the case of NH, the value of m ee depends on m min . Strong cancellation between different terms can occur for the CP parity k 1 = −1 such that m ee is smaller than 10 −4 eV for certain values of m min .
In this case, the Σ matrix is found to be
where an overall phase is omitted, and the parameters ϕ 3 and ϕ 4 determined by the remnant symmetries are of the form
We find that ϕ 3 and ϕ 4 are not completely independent of each other, and they can take the following discrete values,
Using the master formula of Eq. (2.20), we obtain that the lepton mixing matrix is given by
It is easy to check that U II has the following symmetry transformations,
As a result, it is sufficient to focus on the fundamental intervals of 0 ≤ ϕ 3 < π and 0 ≤ ϕ 4 < π. From Eq. (3.29) we see that one element of the PMNS mixing matrix equals 1/2 in this case. In order to be in accordance with experimental data, this fixed element 1/2 can be identified with the (21), (22), (31) or (32) entries of the mixing matrix. As a consequence, the PMNS mixing matrix can take the following four possible forms:
Subsequently we can read out the expressions of the mixing angles sin 2 θ 13 , sin 2 θ 12 , sin 2 θ 23 and the CP invariants J CP , I 1 , I 2 for the above four mixing patterns. The results are summarized in table 5. Since all the mixing parameters depend on the free parameters θ l,ν , they are strongly correlated with each other. In particular, a sum rule among mixing angles and Dirac CP phase can be found for each mixing pattern, If both θ 12 and θ 23 are measured more precisely and their experimental errors are reduced considerably in future, one could use these relations to predict the Dirac CP phase δ CP from the experimental values of the mixing angles. The above mixing sum rules are quite sensitive probes to test this type of mixing pattern [66, 67] . Furthermore, as shown in Ref. [50] , the simple S 4 flavor group can already accommodate the measured values of the lepton mixing angles for (ϕ 3 , ϕ 4 ) = (0, 0), (0, π/2) and (π/2, 0) which correspond to (X l , X ν ) = (U, T ), (U, ST S) and (T 2 , T ) with
in the notation of [50] . For the next small group index n = 3, there are only two independent cases corresponding to (ϕ 3 , ϕ 4 ) = (0, 0), (π/3, 2π/3). We find that the mixing pattern for (ϕ 3 , ϕ 4 ) = (0, 0) is equivalent to that of case I with (ϕ 1 , ϕ 2 ) = (π/3, 0), the same predictions for mixing angles and CP phases are obtained. For the second case (ϕ 3 , ϕ 4 ) = (π/3, 2π/3), detailed numerical analyses show that all the three mixing angles can not simultaneously lie in their respective 3σ ranges for any values of θ l,ν , consequently agreement with the data can not be achieved. and UII,4, the absolute value of the Jarlskog invariant JCP is the same, i.e. |JCP | =
In this case, the index n has to be even in order to have a Z 2 subgroup generated by the element c n/2 . The parameters x, γ, α and δ can be any integer from 0 to n − 1. We can read out the Σ
We see that the discrete values of ϕ 5 and ϕ 6 are correlated in the case that n is divisible by 3. To be specific, their values could be
Using Eq. (2.20), we find that the lepton mixing matrix takes the following form
It is easy to check that U III has the following symmetry properties:
Hence it is sufficient to focus on the fundamental interval of 0 ≤ ϕ 5 < π and 0 ≤ ϕ 6 < π/2. Eq. (3.37d) implies that the mixing matrix U III for π/2 < ϕ 5 < π is related to that of 0 < ϕ 5 < π/2 through complex conjugation. In this case, we see the magnitude of the fixed element is 1/ √ 2 which can only be the (22), (23), (32) or (33) entry in order to achieve agreement with experimental data. As a consequence, we have four phenomenologically viable mixing patterns after the permutations of row and columns of the mixing matrix is considered,
For each mixing matrix in above, the predictions for the lepton mixing angles as well as CP invariants are collected in table 6 . We see that the three lepton mixing angles and the weak basis invariants J CP and I 2 depend not only on the continuous parameters θ l,ν , but also on the discrete parameter ϕ 5 whose value is determined by the residual symmetry. The Majorana invariant I 1 , which is equal to |I 1 | for U III,1 , U III,3 and |I 2 | for U III,2 , U III,4 , is dependent not only on these three parameters, but also on a fourth discrete parameters ϕ 6 . All mixing parameters are strongly correlated such that the following sum rules among the mixing angles and Dirac CP phase are found to be satisfied, which deviates slightly from maximal mixing. It is remarkable that a good fit to the experimental data can always be achieved for any ∆(6n 2 ) flavor group with even n in this case. The ∆(6·2 2 ) ∼ = S 4 group has been comprehensively analyzed in [50] , two independent sets of values (ϕ 5 , ϕ 6 ) = (0, 0), (π/2, 0) are admissible, and they correspond to (X l , X ν ) = (T 2 , T ST 2 U ) and (T 2 , SU ) respectively
in the notation of [50] . In order to show new interesting mixing patterns, here we shall consider the next flavor group with n = 4. The possible values of ϕ 5, 6 are (ϕ 5 , ϕ 6 )=(0, 0), (0, π/4), (π/4, 0), (π/4, π/4), (π/2, 0) and (π/
For the values of ϕ 5 = π/4, ϕ 6 = 0 and ϕ 5 = π/2, ϕ 6 = 0, only the mixing patterns U III,2 and U III,4 can accommodate the experimental data on mixing angles, and they are related through the exchange of the second and third rows of mixing matrix. We show the contour regions of sin 2 θ ij (ij = 12, 13, 23) in the plane θ ν versus θ l in figure 4 , and the predictions for the CP violating phases | sin δ CP |, | sin α 21 | and | sin α 31 | are plotted in figure 5 . These quantities are presented in terms of absolute values, because the neutrino CP parity encoded in Q ν could shift the Majorana phases α 21 and α 31 by π, and the signs of all the three CP phases δ CP , α 21 and α 31 would be inversed if the lepton doublet fields are assigned to the complex conjugated triplet3 instead of 3. From figure 3, figure 4 and figure 5, we can see that the measured values of the mixing angles can be achieved in a quite small region of the θ ν − θ l plane. Hence the mixing angles and CP phases should be able to only vary a little around the numerical values listed in table 6, and consequently the present approach is very predictive. We show the the corresponding predictions for the (ββ) 0ν −decay effective mass as a function of the lightest neutrino mass in figure 6 and figure 7.
Compared with Case III, the residual symmetries in the neutrino and charged lepton sectors are interchanged, consequently the Σ matrix is the hermitian conjugate of the one in Eq. (3.33), i.e.
where the discrete parameters ϕ 5 and ϕ 6 are given in Eq. (3.34). Subsequently we can read out PMNS mixing matrix as 
Figure 3: Contour plots of sin 2 θij in the θν − θ l plane in case III for (ϕ5, ϕ6) = (0, 0). The red, green and blue areas denote the 3σ contour regions of sin 2 θ13, sin 2 θ12 and sin 2 θ23 respectively. The dashed contour lines represent the corresponding experimental best fit values. The 3σ ranges as well as the best fit values of the mixing angles are adapted from [8] . The best fitting values of θ l,ν are indicated with yellow pentagrams.
up to row and column permutations. Note that the phase e iϕ 6 has been absorbed into the charged lepton fields. Moreover, we find that the mixing matrices U IV and U III are closely related with each other as follows
Since we have considered all possible values of ϕ 5,6 and all possible permutations of rows and columns in case III, therefore we don't obtain additional new results in the present case.
In this case, the residual flavor symmetry Z gν 2 = Z c n/2 2 requires that the group index n has to be an even number. From the Takagi factorization matrices listed in table 1, we can read out the Σ matrix as where an overall unphysical phase is omitted, and the discrete parameters ϕ 7 and ϕ 8 are given by
Using the general result in Eq. (2.20), we can read out the lepton mixing matrix as
where the free continuous parameter θ ν and discrete parameter ϕ 7 are Figure 5 : The contour plots of the CP violation phases | sin δCP |, | sin α21| and | sin α31| for the mixing pattern UIII,2, where the parameters (ϕ5, ϕ6) are equal to (π/4, 0) in the upper panels and (π/2, 0) in the lower panels. The black areas represent the regions for which all the three lepton mixing angles lie in their corresponding experimentally allowed 3σ intervals [8] . Since UIII,2 and UIII,4 are related through the exchange of the second and the third rows of the mixing matrix, they lead to the same Majorana phases α21 and α31 while the Dirac phase changes from δCP to π + δCP .
Depending on whether n is divisible by three or not, the possible values of ϕ 7 are
From the expression of the PMNS matrix U V in Eq. (3.46), we know that U V has the following symmetry properties:
where ϕ is an arbitrary real parameter. Eq. (3.49b) implies that the fundamental region of the parameter ϕ 7 is [0, π). We see that one row of the mixing matrix is determined to be 1, 1, − √ 2e iθ ν /2, and it can only be the second or the third row in order to be in accordance with experimental data. Hence only two out of all possible row and column permutations can lead to phenomenologically viable mixing patterns, The results for the mixing parameters in case III, and the absolute value of the Jarlskog invariant JCP is given by |JCP | = We can straightforwardly extract the expressions of the mixing angles and CP invariants, and the results are summarized in table 7. It is notable that sin 2 θ 12 , sin 2 θ 13 , sin 2 θ 23 , J CP and I 1 only depend on the combination 2θ ν + ϕ 7 and θ l , while the other Majorana invariant I 2 is dependent on all the three parameters θ ν , θ l and ϕ 7 . Therefore, regarding the mixing angles θ 12 , θ 13 , θ 23 and the CP phases δ CP and α 21 , the value of ϕ 7 is essentially irrelevant because it can be absorbed into the free parameter θ ν . Again the mixing angles and CP violation phases are strongly correlated, [8] . The present most stringent upper limits mee < 0.120 eV from EXO-200 [62, 63] and KamLAND-ZEN [64] is shown by horizontal grey band. The vertical grey exclusion band denotes the current bound coming from the cosmological data of mi < 0.230 eV at 95% confidence level obtained by the Planck collaboration [65] .
and the following sum rules are satisfied, Therefore the atmospheric mixing angle θ 23 lies in the experimentally preferred 3σ range, whereas the solar angle θ 12 is too large and at most can be around its 3σ upper bound 0.345 given in [8] .
For this type of mixing pattern, the flavor group S 4 with the smallest index n = 2 can marginally accommodate the experimental data on mixing angles [50] . Two independent mixing matrices can be obtained for ϕ 7 = 0 and ϕ 7 = π/2 which correspond to the residual symmetries (X l , X ν ) = (U, 1) and (T 2 , 1) respectively with (G l , G ν ) = (Z ST 2 SU 2 , Z S 2 ) in Ref. [50] . For the second smallest group with n = 4, the parameter ϕ 7 can take the values of 0, π/4, π/2, 3π/4 in the fundamental interval. The symmetry relation of Eq. (3.49c) indicates that the formulae for mixing angles and CP phases δ CP , α 21 in the case of ϕ 7 = π/4, π/2, 3π/4 can be obtained from those of ϕ 7 = 0 by applying the transformation θ ν → θ ν + ϕ 7 /2 while the Majorana phase α 31 changes by −ϕ 7 . Notice that the shift θ ν → θ ν + ϕ 7 /2 does not lead to physically different results. As a result, it is sufficient to analyze the case of ϕ 7 = 0. We display the 3σ contour region as well as their experimental best fit values for sin 2 θ ij in the plane θ ν versus θ l in figure 8 . In order to see quantitatively how well this mixing pattern can fit the experimental data on mixing angles, we perform a χ 2 analysis similar to previous cases, and the corresponding results are listed in table 7. One can see that the solar mixing angle sin 2 θ 12 is predicted to be approximately 0.351 which is slightly outside the 3σ allowed range [8] . However, this tiny discrepancy could be easily reconciled with the experimental data in an explicit model with small subleading corrections.
This case is related to the case V through switching the residual symmetries of the neutrino and charged lepton sectors. As a consequence, the index n should be an even number as well and the Σ matrix is the hermitian conjugation of Eq. (3.44), i.e.
where parameters ϕ 7 and ϕ 8 determined by the residual symmetries are given in Eq. (3.45). Subsequently we can read out the lepton mixing matrix
with θ l = θ l + (ϕ 7 − ϕ 8 )/2. Notice that the values of the residual symmetry dependent parameters ϕ 7,8 are irrelevant, since their net effect is a shift in the continuous free parameter θ l . Therefore all the mixing parameters only depend on the continuous parameters θ l and θ ν and all ∆(6n 2 ) groups lead to the same results. One can check that U V I fulfills the following identity:
The fixed column (1/2, 1/2, 1/ √ 2) T should be identified as the second one of the PMNS matrix in order to be compatible with the data. As a consequence, all possible row and column permutations lead to two acceptable mixing patterns, Notice that U V I,2 can be obtained from U V I,1 by exchanging the second and the third rows. Subsequently the predictions for the mixing angles and CP invariants can be extracted and are collected in table 8 . We see that some exact sum rules among the mixing angles and Dirac CP phase are fulfilled as follows, Inputting the experimentally preferred 3σ range 0.01934 ≤ sin 2 θ 13 ≤ 0.02392 [8] , we find for the solar mixing angle 0.255 ≤ sin 2 θ 12 ≤ 0.256 which is smaller than its measured value [8] . The results of the χ 2 analysis are summarized in table 8. Since corrections to the leading order results generally exist in a concrete model, agreement with experimental data could be achieved if θ 12 receives moderate correction. Therefore this mixing pattern can be regarded as a good leading order approximation.
Case VI
sin 2 θ 13 = 1 4 (1 + s 2 ν − 2 √ 2s ν c ν cos 2θ l )sin 2 θ 12 = 1 3−s 2 ν +2 √ 2sν cν cos 2θ l sin 2 θ 23 = 1+s 2 ν +2 √ 2sν cν cos 2θ l 3−s 2 ν +2 √ 2sν cν cos 2θ l for U V I,1 sin 2 θ 23 = 2c 2 ν 3−s 2 ν +2 √ 2sν cν cos 2θ l for U V I,2 |J CP | = 1 4 √ 2 |s ν c ν sin 2θ l | |I 1 | = 1 8 | sin 2θ l (2c 2 ν cos 2θ l + √ 2s ν c ν )| |I 2 | = 1 8 sin 2θ l (2 cos 2θ ν cos 2θ l − √ 2s ν c ν ) Best Fit θ bf l /π θ bf ν /π χ 2 min sin 2 θ 13 sin 2 θ 12 sin 2 θ 23 | sin δ CP | | sin α 21 | | sin α 31 | U V I,sin 2 θ 12 cos 2 θ 13 = 1 4 ,(3.
Quark mixing from ∆(6n
2 ) and CP symmetries
So far each element of the CKM mixing matrix V has been measured to a good degree of accuracy [1] , the global fit results for the moduli of all the nine CKM elements are [1] , In contrast with the more or less "anarchical" structure of the lepton mixing matrix, the quark CKM mixing matrix has a clear hierarchy structure
Combining all available measurements of CP violation and rare decays in the quark sector, the UTfit collaboration gives [68] [69] [70] where the superscript "q" means that these quantities describe the quark mixing and CP violation. In this section, we shall investigate whether it is also possible to derive phenomenologically viable quark mixing from ∆(6n 2 ) flavor group and CP symmetry in the same way, as presented for the lepton sector in section 3. The original ∆(6n 2 ) and CP symmetries are assumed to be broken down to the residual subgroups Z gu 2 × X u and Z g d 2 × X d in the up quark and down quark sectors respectively, then the CKM mixing matrix would be constrained to take the form of Eq. (2.31). Note that the CKM mixing matrix depends on two free parameters θ u and θ d and one element independent of θ u,d is fixed in this framework. In the same fashion as the lepton sector, for all the residual subgroups of the structure Z 2 × CP , the corresponding Takagi factorization matrices Σ u or Σ d are summarized in table 1. Furthermore, considering all possible residual symmetries Z 
where x, y, γ, δ = 0, 1, . . . , n − 1. Accordingly the CKM mixing matrix reads
with
Here we have omitted the diagonal phase matrices Q u , Q d and the permutation matrices P u , P d , the abbreviations s u , s d , c u and c d denote
We see that the mixing matrix V I coincides with U I after performing the transformations θ l → θ u and θ ν → θ d . The symmetry relations in Eq. (3.15) are also valid for the present quark mixing pattern V I . As a result, we shall focus on fundamental ranges of 0 ≤ ϕ 1 ≤ π/2 and 0 ≤ ϕ 2 < π in the following. Since the order of the quark masses is undefined in our framework, the CKM matrix is determined up to independent row and column permutations. It turns out that all possible permutations of rows and columns lead to nine independent mixing patterns
V I,5 = P 12 U I P 12 , V I,6 = P 12 V I P 13 , V I,7 = P 13 V I , V I,8 = P 13 V I P 12 , V I,9 = P 13 V I P 13 .
(4.6)
We can get the expressions of the quark mixing angles and Jarlskog invariant from table 3 by simply redefining θ l → θ u and θ ν → θ d . Hence the sum rules among the mixing angles and CP violation phase shown in Eq. (3.19) are satisfied as well in the quark sector.
In the following, we shall study numerically quark mixing angles and CP invariant which can be obtained in this case. We have evaluated for n ≤ 40 and all corresponding values of ϕ 1,2 whether the continuous parameters θ u,d can take values such that a good fit to the experimental data can be achieved. The results of this analysis are summarized in table 9 and table 10 . We find that only the mixing matrices V I,1 , V I,2 , V I,6 and V I,8 can describe the experimentally measured values of quark flavor mixing from the ∆(6n 2 ) group with n ≤ 40. For a good agreement with the experimental data the index n has to be at least n = 7, the corresponding CKM mixing matrix is of the form V I,2 whose (12) is only about 1% smaller than its measured value. However, this could be quite easily reconciled with the experimental data in an explicit model with small corrections. Notice that all the measured values of the CKM mixing matrix elements can be reproduced in this approach, in particular the correct value of the quark CP violation phase can be obtained. On the other hand, in the paradigm of discrete flavor symmetry without CP, only the realistic Cabibbo mixing angle can be predicted in terms of group theoretical quantities [19, 29] , no matter whether the left-handed quarks are assigned to an irreducible triplet representation of the flavor group, or to a reducible triplet which can decompose into a two-dimensional and a one-dimensional representation. Therefore we conclude that the flavor group ∆(6 · 7 2 ) = ∆(294) and CP symmetry provide a promising opportunity for model building to explain the quark flavor mixing and CP violation.
Moreover, the breaking of the ∆(294) flavor group and CP symmetry into distinct residual symmetries Z 2 × CP in neutrino and charged lepton sectors can describe the experimentally measured values of the lepton mixing angles as well. Only the mixing patterns of case I and case II can be achieved from ∆(294) group since the group index n has to be even for the other remaining cases. We find that the PMNS mixing matrices U I,5 , U I,6 , U I,8 , U I,9 , U II,1 , U II,2 , U II,3 and U II,4 can agree well with the experimental data for certain choices of θ ν and θ l . There are many possible phenomenologically viable cases and the corresponding predictions for the lepton mixing angles as well as CP phases from the χ 2 analysis are shown in table 11 and table 12 which predicts approximately maximal δ CP and non-maximal atmospheric mixing angle θ 23 . The increased precision on measurements of θ 12 , θ 23 and δ CP from next generation long-baseline neutrino oscillation experiments could help us to test the predictions reached in this work and find out the symmetry breaking patterns mostly favored by experimental data. Furthermore, we mention that the ∆(296) flavor group combined with CP symmetry can also give rise to phenomenologically viable lepton mixing pattern in the semidirect approach [45, 46] in which the original flavor and CP symmetries are broken to an abelian subgroup G l in the charged lepton sector and Z 2 × CP in the neutrino sector. For instance, for the residual symmetries
with s, t, x, γ = 0, 1, . . . , n − 1, the PMNS mixing matrix would be of the form [46] 14) up to possible permutations of rows and columns, the parameters φ 1 and φ 2 are determined by the residual symmetries as 15) which can take the following discrete values
We see that one column is fixed to be √ 2 sin φ 1 , √ 2 cos(π/6 − φ 1 ), √ 2 cos(π/6 + φ 1 ) T / √ 3 by the group theory. For the case of n = 7, it has to be identified as the first column of the mixing matrix in order to be compatible with experimental data on lepton mixing angles. Subsequently considering all possible values of φ 1 and φ 2 , we find that two mixing patterns resulting from the row permutations are viable, i.e.
The corresponding results for the mixing parameters and the best fit value θ bf of the free parameter θ are summarized in table 13 . Notice that approximately maximal Dirac phase together with nearly maximal θ 23 can be achieved. For example, for the mixing matrix U Sd,2 with φ 1 = π/7 and φ 2 = 3π/7, the mixing parameters at the best fitting point θ bf 0.0829π are given by We conclude that the flavor group ∆(294) and CP symmetry are good starting point to build models which can simultaneously explain lepton and quark flavor mixing and CP violation. Guided by the analysis of this paper, we could introduce appropriate flavon fields to break ∆(294) and CP symmetries into Z 2 × CP subgroups in the up quark, down quark and neutrino sectors while the residual symmetry of the charged lepton mass term can be either Z 3 or Z 2 × CP . Accordingly the whole quark and lepton flavor mixing structures are described in terms of only three or four free parameters.
Summary and conclusions
In the most widely discussed scenario involving discrete flavor symmetry and CP symmetry, it is usually assumed that the original flavor and CP symmetries are broken to an abelian subgroup Table 13 : Results of the lepton mixing parameters for the viable cases obtained from the ∆(294) flavor group in the semidirect approach [46] . All values of sin 2 θij, | sin δCP |, | sin α21| and | sin α31| are obtained at the best fitting points θ = θ bf under the assumption of NH neutrino spectrum, and similar results are obtained for IH spectrum. Since the PMNS matrix U Sd has the property U Sd (φ1, π − φ2, θ) = U * Sd (φ1, φ2, π − θ)diag(1, 1, −1), hence we only show the results for 0 ≤ φ2 < π/2.
and Z 2 × CP in the charged lepton and neutrino sectors respectively. In this work we study the case that the flavor and CP symmetries are broken to Z 2 × CP in both neutrino and charged lepton sectors. The consequences for the prediction of the lepton mixing parameters are discussed. In this setup, at least one element of the lepton mixing matrix is fixed to be certain constant, all lepton mixing angles and all CP violation phases (both Dirac and Majorana phases) depend on two free parameters θ l and θ ν which vary between 0 and π.
In this paper we have derived the predictions for lepton mixing in a class of models based on ∆(6n 2 ) flavor group combined with CP symmetry. We have considered all possible choices of residual subgroups of the structure Z 2 × CP . We find that the residual symmetries enforce one element of the lepton mixing matrix to be 0, 1, 1/2, 1/ √ 2 and cos ϕ 1 where the parameter ϕ 1 given by Eq. (3.11) is related to the choice of residual Z 2 flavor symmetry. Obviously the cases with the entry equal to 0 or 1 are excluded by the measurement of the reactor angle θ 13 . It turns out that only four possible combinations of residual symmetries can lead to phenomenologically viable mixing patterns. We perform an analytical study of all possible mixing patterns, and the permutations of rows and columns of the mixing matrix are taken into account. The lepton mixing angles and Dirac CP phase are strongly correlated in each of these cases, a mixing sum rule is satisfied and it can be tested in future neutrino oscillation facilities. Furthermore, we perform a numerical analysis for small values of the group index n which can admit a good agreement with experimental data. The resulting predictions for the effective Majorana mass in neutrinoless double beta decay are studied. We show that in all cases it is sufficient to considered the ∆(6n 2 ) groups with index n ≤ 4.
There are many attempts to produce the extremely hierarchical structure of the quark CKM mixing matrix from discrete flavor symmetry. It is found that no finite group can predict all mixing angles and CP phase of the CKM matrix and only phenomenologically acceptable Cabibbo angle can be generated [19, 29] . In the present work, we investigate whether it is possible to derive quark mixing in an analogous way as we do for the lepton mixing. It is assumed that two distinct Z 2 × CP residual symmetries are separately preserved by the up and down quark mass terms. As a consequence, all the three quark mixing angles and CP violation phase are expressed in terms of two free real parameters θ u and θ d which can take values between 0 and π. As an example, we consider the series of flavor group ∆(6n 2 ) combined with CP symmetry. We find that the quark mixing pattern arising from the residual symmetries Z . . , n − 1 can be compatible with the experimental data on CKM mixing matrix. We perform a numerical analysis for the groups with the index n ≤ 40, and find out all the viable mixing patters. The corresponding predictions for the quark mixing angles and CP invariant are summarized in table 9 and table 10 . The smallest value of the group index n which allows a good fit to the experimental data is n = 7.
Furthermore, we find that a common flavor group such as ∆(6·7 2 ) = ∆(294) can simultaneously describe the experimentally measured values of the quark and lepton mixing matrices if the parent flavor and CP symmetries are are broken down to Z 2 × CP in all the neutrino, charged lepton, up quark and down quark sectors, or alternatively the residual symmetry of the charged lepton mass term is Z 3 instead of Z 2 × CP . In our approach, the drastically different quark and lepton flavor mixing structures originate from the mismatch of different residual symmetries. The symmetry breaking pattern indicated here provides a new starting point for flavor model building. In concrete models the residual symmetry is generally achieved via spontaneous symmetry breaking of flavon fields in some vacuum alignment configurations. It is interesting to construct an actual model in which the desired breaking pattern is dynamically realized. In addition, we expect such model could reproduce the huge mass hierarchies among quarks and leptons with the help of additional symmetry such as Z n 1 × Z n 2 × . . . in the Froggatt-Nielsen scenario [71] . There have been several previous attempts to predict the CKM and PMNS mixing matrices from a common discrete flavor group [72] , the CP violation in CKM matrix was obtained by producing some special textures of the up and down quark mass matrices with the help of discrete vacuum alignment method.
In this paper we have focused on the series of the flavor group ∆(6n 2 ). The other two group series ∆(3n 2 ) [45, 47] and D (1) 9n,3n ∼ = (Z 9n × Z 3n ) S 3 [48] are also frequently employed as flavor symmetry.
Because ∆(3n 2 ) is a subgroup of ∆(6n 2 ) and the relation ∆(6(3n) 2 ) ⊂ D (1) 9n,3n ⊂ ∆(6(9n) 2 ) holds true, ∆(3n 2 ) and D (1) 9n,3n should not give new additional results within the present framework. Inspired by the capability of explaining the CP violation in the CKM mixing matrix, it is also interesting to explore whether the flavor and CP symmetries are helpful to solve the strong CP problem.
